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The electric-field-induced resonant spin polarization of a two-dimensional hole gas described by Luttinger Hamiltonian 
with structural inversion asymmetry and Zeeman splitting in a perpendicular magnetic field was studied. The spin 
polarization arising from splitting between the light and the heavy hole bands shows a resonant peak at a certain 
magnetic field. Especially, the competition between the Luttinger term and the structural inversion asymmetry leads to 
a rich resonant peaks structure, and the required magnetic field for the resonance may be effectively reduced by enlarging 
the effective width of the quantum well. Furthermore, the Zeeman splitting tends to move the resonant spin polarization 
to a relative high magnetic field and destroy these rich resonant spin phenomena. Finally, both the height and the weight 
of the resonant peak increase as the temperature decreases. It is believed that such resonant spin phenomena can be 
verified in the sample of a two-dimensional hole gas, and it may provide an efficient way to control spin polarization by 
an external electric field. 



PACS numbers: 73.43.-f,72.25.Dc,72.25.Hg,85.75.-d 



INTRODUCTION 

The physics of spin-orbit coupled system has attracted 
great attention in the filed of spintronics. In particu- 
lar, the spin-orbit coupling allows for manipulation of the 
electron spin via electric field, rather than magnetic field, 
creating the potential for applications in areas from spin- 
tronics to quantum computing 0,0,3- Theoretically, the 
spin-orbit coupling reveals fundamental physics related 
to topological phases and their applications to the intrin- 
sic and quantum spin Hall effect [J, [H, IE 0, @> • Experi- 
mentally, electric-induced spin accumulation has been re- 
ported in an electron doped sample with the use of Kerr 
rotation microscopy 1^, U | and in a two-dimensional hole 
gas (2DHG) by angle-resolved polarization detect ion [ll3|. 

To identify the intrinsic spin Hall effect in experi- 
ments, resonant intrinsic spin Hall conductance has been 
predicted by several authors [lil 14, In a per- 

pendicular magnetic field, the resonance effect in the 
two-dimensional electron gas (2DEG) stems from energy 
crossing of different Landau levels near the Fermi level 
due to the competition of Zeeman energy splitting and 
Rashba spin-orbit coupling [l3j], while in the hole-doped 
system, the resonant intrinsic spin Hall conductance is 
due to the transition between mostly spin — i holes and 
spin- 1 holes 14j. Even in the absence of a magnetic field, 
the Rashba term induces an energy level crossing in the 
lowest heavy hole subband, which gives rise to a reso- 
nant spin Hall conductance in a 2DHG[l5|]. However, 
there have not yet been experimental reports on the ob- 
servation of the resonant spin Hall effect or related phe- 
nomena, which is likely due to the combination of the dif- 
ficulty in detecting the spin current or spin accumulation 



in the high magnetic field and the lack of experimental 
efforts in looking into these phenomena (ljj . 

Spin polarization induced by electric fields or currents 
ha s been proposed in the spin-orbit coupled systems 17 , 
T^ . 20j , and several experiments have been devoted to 
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generate spin polarization in semiconductors with spin- 
orbit coupling: 2 if. Very recently, electric- field induced 
resonant spin polarization was predicted in a 2DEG[20(. 
It was found that a tiny electric field may generate a fi- 
nite spin polarization in a disordered Rashba system in 
the presence of a magnetic field. As a result, the elec- 
tric spin susceptibility exhibits a resonant peak when the 
Fermi surface goes through the crossing point of two Lan- 
dau levels, which provides a mechanism to control spin 
polarization efficiently by an electric field in semiconduc- 
tors. As the spin polarization can be measured very ac- 
curately, it is believed that the effect can be verified in 
the samples of a 2DEG[i3|. 

In this paper, we study the resonant electric-field- 
induced spin polarization of a 2DHG in detail, which has 
some intriguing and observable physical consequences. 
The general form to describe the spin transport in a 
2DHG is the Luttinger modcl[22] with Rashba spin-orbit 
coupling arising from the structural inversion asymmetry 
(SIA) 3, 15, 23, 24] , and such a system has recently been 
realized in several experimental studies [l2|, l25(. When a 
magnetic field is present, the most general Hamiltonian 
should involve spin Zeeman terms. However, the Lande g 
factor may reduce its absolute value, pass through zero or 
even change sign under a hydrostatic pressure pi. I27I |28| . 
and electrical transport measurements under hydrostatic 
pressure have been performed in the limit of vanishing 
Lande g factor in previous experiments [2^, [U H^. In 
the presence of a perpendicular magnetic field, we find 
that the spin polarization arising from splitting between 
the light and the heavy hole bands shows a resonant peak 
at a certain magnetic field. Especially, the competition 



between the Luttinger term and the Rashba spin-orbit 
coupling leads to a rich resonant peaks structure, and 
the required magnetic field for the resonance may be ef- 
fectively reduced by enlarging the effective width of the 
quantum well. However, the Zeeman splitting tends to 
move such resonant spin polarization to a relative high 
magnetic field and destroy these rich resonant spin phe- 
nomena. Finally, both the height and the weight of the 
resonant peak increase as the temperature decreases, and 
the effect of disorder is discussed. As the spin polariza- 
tion can be measured very accurately it is believed that 
this effect can be verified in the sample of a 2DHG, and it 
may provide an efficient wa y to control spin polarization 



by an external electric field 16, 2 



THEORETICAL FRAMEWORK 



Our starting Hamiltonian for a 2DHG in a magnetic 
field Bz is a sum of Luttin ger, spin-S'=| SIA and the 
Zeeman terms [H, [H, [H \M\M : 



H = 



^(7i + |7 2 )n 2 - 2^(11. S) 2 
2m 2 m 
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mc 



a(S x n) • z 
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where IL=P— -A is the mechanical momentum, e=— |e| is 
the electric charge for an electron, m is the bare electron 
mass, and a is the Rashba spin-orbit coupling. In addi- 
tion, 7! and 72 are two dimensionless parameters model- 
ing the effective mass and spin-orbit coupling around the 
r point, and k is the effective g-factor. The confinement 
of the well in the z direction quantizes the momentum 
along this axis, which is approximated by the relation 
(p«)=Qj (Pr) ~ {nfi/d) 2 for a quantum well with thick- 
ness d[23|. 



We use the explicit matrix notation with >5=| eigen- 

•|, — |, — §. By introducing 
a= . 1 _ (rU + iTL v ), and 
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states in the order 5 z =+|_ 2i 
the destruction operator[2 

the creation operator a T = ^ 2mhuJ — "^yj 
the Landau levels, Hamiltonian (1) can be rewritten as 



= (Il x — illy) to describe 



H = Hlu 



—i\fi\a 
— -^720 




H22 
2 -2iAa 
-V3 72 a 2 



-%/37 2 a +i 
H33 



\ 

H 44 ) ) 



H nn — [71 - (-l^TaKata + \) + \ [71 + (-1)^] 



(5 ~ N ) K 



where N=l, 2 
ters \—am^J 



3, 4, the dimensionless parame- 
2M, P=W^Z and the magnetic length 
The corresponding eigenvectors are expressed 
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FIG. 1: (Color online) Landau levels (units: hw) as functions 
of 1/B. Different colors denote different n and only energy 
levels no higher than the energy level of resonant point are 
shown. Solid lines indicate Landau levels of mostly spin-| 
holes, dashed lines indicate Landau levels of mostly spin- — | 
holes, dash-dot lines indicate Landau levels of mostly spin- 
| holes, dash-dot-dot lines indicate Landau levels of mostly 
spin- — \ holes, (a) n—0; (b) /t=2.25. 
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where 4> n is the eigenstate of the nth Landul level in 
the absence of the spin-orbit coupling, and n is a non- 
negative integer. In a large n limit, we can deduce 
that states |n, +1,±1) indicate light- hole bands and 
I to, —1, ±1) indicate heavy-hole bands 14, 23[. We should 
add that when n < 3, the definition of \n, s, /) is not ex- 
act, so we simply take |2, —1, 1) as the lowest energy level 
of rt=2 and |1, 1, — 1) indicates the lowest energy level of 
to=1 in the whole paper. 

If we apply a weak in-plane electric field in the in- 
direction, then the electric spin susceptibility can be 
evaluated by the Kubo formula in the linear response 
theory [29j 
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where fi is the chemical potential, e ns f=hiuE ns f is the 
eigenvalues within Eq. (1), and v y is the velocity in y- 
direction. From the Kubo formula (4), we can see that 
only n'=n ± 1 contributes to the spin susceptibility. In 
particular, it is natural to point out that if e ns f—e n ±i s 'f> 
happens near the Fermi energy and for a long lifetime r, a 
divergent Xg V may appear. Resonant spin phenomenon 
means an intri guing an d observable physical consequence 
in experimentsjli . 15 . Til . 2oL 3Cj |. To be convenient for 
future experimental detection, we will discuss the effect 
of Luttinger term, SIA term, Zeeman splitting, and tem- 
perature on this resonant spin phenomenon in detail. 



ENERGY LEVEL DEPENDING ON THE 
LUTTINGER TERM, STRUCTURAL 
INVERSION ASYMMETRY AND ZEEMAN 
SPLITTING 

The properties of energy spectrum depending on mag- 
netic field determine the behavior of spin transport. To 
further our story step by step, we study the energy lev- 
els as functions of the inverse of magnetic field within 
Eq. (1) when a=0 firstly. Depending on the confine- 
ment scale d the Luttinger term is dominant for d not too 
small, while the SIA term becomes dominant for infinitely 
thin wells. Moreover, to learn the effect of Zeeman split- 
ting on this resonant spin phenomenon, we dis ting uish 
Fig.l (a) with k=0 from Fig.l (b) with K=2.25[5a l3l|. 
Other parameters used are the same, 71=6. 92, 72=2. 1 
and d=8.3nm[H,|23. 

We use lines with different colors to denote different 
n. In order to give a more clear illumination bellow, we 
only plot lines within energy levels no higher than the en- 
ergy level of the resonant point, which shall contribute to 
the spin transport. As we have discussed, if the energy 
level crossing between states \n,s,f) and \n±l,s', /') 
occurs near Fermi energy, it may lead to a resonance. 
Though there are energy crosses that may lead to reso- 
nances when 1/B < 0.01 Tesla -1 theoretically, the cor- 
responding magnetic field is unavailable experimentally. 
Moreover, there are no energy cross when 1/B > 0.06 
Tesla -1 for present parameters, so we only consider the 
case when 0.01 Tesla -1 < 1/B < 0.06 Tesla" 1 . 

In Fig.l (a), the energy cross between states |1, 1, — 1) 
and |2, — 1,1) occurs at 5^=28.25 Tesla ( marked by 
a cross ). For a set of sample's parameters, the be- 
havior of energy levels depends on the magnetic field. 
Whether this energy cross shall lead to a resonance at 
the corresponding magnetic filed, is determined by the 
hole density, which means that the "effective" energy 
cross shall appear near the Fermi energy, and this can 
be related directly to the filling factor, i/—^ — nh ^ hc . 
As shown in Fig.l (a), the realization of resonance re- 
quires that 3 < nh zB^ c < 4, and the hole density shall 
be 2.07 x 10 16 /m 2 < n h < 2.75 x 10 16 /m 2 . Including 
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FIG. 2: (Color online) Caption is the same as that in Fig.l 
except (a) a=10 m/s, and k—0; (b) q=10 5 m/s, and k=2.25. 



the effect of Zeeman splitting, as shown in Fig.l (b), the 
effective energy cross moves to a relative higher mag- 
netic field, Bl z i—A1AQ Tesla ( marked as a cross ), and 
the required hole density for the resonance shall be 2 < 
n *xl n * < 3, i.e, 2.01 x 10 16 /m 2 < n h < 3.01 x 10 16 /rn 2 . 

The energy cross occurring at Bl z \ means that 
£ ; i j i i _i=i?2,-i,i- When a—0, an analytical equation can 
be derived from E\ 1 -\=E^ -1 1, which is 



BLzid 2 — 



47^ 2 + 4t| 



7i + 37i72 + 87I - 2k(7x + 72) 



(5) 



where we know that Bl z \ increases as K increases. How- 
ever, the Zeeman splitting introduce another resonant 
point at Bl Z 2, which is due to the energy cross between 
sates |1, 1, 1) and \2, —1, 1), namely, Si,i,i=£ ; 2,-i,i- The 
required magnetic field 
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> 0.853— , (6) 



and the equal sign is satisfied when k=v672- The res- 
onance at this point is introduced by the zeeman split- 
ting since k—0 is excluded from this equation. Moreover, 
Blz2 is determined by the competition between the Lut- 
tinger term and the Zeeman splitting, and Blz2 decreases 
as K increases when k < ^672- From Eq. (5) and (6), it 
is useful to find that the required magnetic field for the 
resonance may be effectively reduced by enlarging the 
effective width of the quantum well. 

Secondly, let us discuss the effect of SIA on this reso- 
nant spin phenomenon. The relatively large 5 meV mea- 
sured spitting [13; H3| of the heavy hole band implies that 



the effect of Rashba spin-orbit coupling arising from the 
SIA term is important. Energy levels as functions as 



1/B with a=10 5 m/s[12|, |23| are shown in Fig. 2, and we 
distinct (a) from (b) in case of k=0 and k=2.25. The 
key points that may lead to resonant spin transport have 
been marked as crosses in Fig. 2. 

Comparing energy levels in Fig.l (a) with those in 
Fig. 2 (a), the SIA term moves the energy crosses ( at 
Blo3 ) between states |1, 1, — 1) and |2, — 1,1) to a rel- 
ative high magnetic field. However, a new set of en- 
ergy crosses ( at Stai and -Bl Q 2 ) appear in relative 
low magnetic fields, which are due to states |2, 1,— 1) 
and 1 3, — 1, 1), and there are at least three energy crosses 
which may lead to resonant spin transport. The first res- 
onant point appears at i?L a i=18.09 Tesla, which requires 
The second resonant point appears 



that 7 < 4^ < 



eB L 

at B L « 2 =25.70 Tesla, requiring that 6 < n jg"^ < 7. 
Since the properties of energy levels are depending on B 
through \=am«J 2 £ eB and (3= T 2 *g , the new set of reso- 
nant points can be related to the competition between the 
SIA and the Luttinger term. It is interesting to point out 
that, if the range of n\ and n\ has some conjunct values, 
a rich resonant peaks structure of spin transport shall 
appear, and we will discuss this intriguing case bellow. 

The energy levels as functions of 1/B when k=2.25 
have been shown in Fig. 2 (b). There are two effective 
energy crosses. However, the first resonant point appears 

at B^ az 2— 20.85 Tesla, which requires that 7 < ^fff < 
8, and the second resonant point appears at i?£ aZ 2=42.18 
Tesla, requiring 7 < "^^^ c < 8. The Zeeman splitting 
tends to move the resonant points to a higher magnetic 
field and resonance in a sample with a higher hole density 
is required. 

Thirdly, to learn an overall understanding on the reso- 
nance depending of SIA term, we plot the required range 
of hole density for resonance as functions of a in Fig. 3 

(a) , and the magnetic field at resonant point as functions 
as a has been shown in the inset. These resonances are 
due to energy crosses of states |2, 1,— 1) and |3,— 1,1), 
namely i?2,i,-i=-E3,-i,i- The required range of hole den- 
sity for resonance at the relative high magnetic field ( 
range between dash dark lines ) decreases as a increases. 
However, the required range of hole density for resonance 
at the relative low magnetic field ( range between red 
lines ) increases as k increases, and there is a conjunct 
scope ( gray area in Fig. 3 (a) ), which shall lead to a 
rich resonant peaks structure for a sample by changing 
the magnetic field. 

Let us take a look on energy levels in Fig.l (a) and 
Fig.l (b) together, as well as those in Fig. 2 (a) and Fig. 2 

(b) . It seems that larger effective g-factor k will move 
such resonant spin transport to a higher magnetic field. 
To learn more on this aspect, we study the effect of k 
on the required hole density for resonance, as well as 
magnetic field at resonant point. These resonances are 
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FIG. 3: (Color online) The required range of hole density for 
resonance at the relative high ( area between dark dash lines ) 
and low ( area between red lines ) magnetic field as functions 
of (a) a when k~0; (b) k at q=1.03x 10 5 /m 2 . Inset: magnetic 
fields at two different resonant points as function of (a) a when 
k=0; (b) k at q=1.03 x 10 5 /m 2 . 



due to energy crosses of states |2, 1,— 1) and |3, — 1,1), 
and parameters used are 71=6. 92, 72=2.1, d=8.3nm, and 
a=1.03 x 10 5 m/s. As shown in Fig. 3 (b), the required 
range of hole density for resonance at the relative high 
magnetic field ( range between dash dark lines ) increases 
more quickly than the required range of hole density at 
the relative low magnetic field ( range between red lines ) 
as k increases, which removes the conjunct scope ( yellow 
area in Fig. 3 (b) ), and the rich resonant spin transport 
of a sample will disappear as k is large enough. 



RESONANT SPIN SUSCEPTIBILITY 



Now let us turn to study the resonant spin suscepti- 
bility. Our numerical result for X^f has been shown in 
Fig. 4 (a), and a remarkable rich resonant peaks struc- 
ture appears, which indicate that a weak field may in- 
duce an intriguing and observable physical consequence 
of a 2DHG in the presence of a perpendicular magnetic 
field. Since the value of n can be reduced by using hydro- 
static pressure 2f| 27, [28|, we take n=0 without loss of 
generality. Other parameters used are n^,=3.6 x 10 16 /m 2 , 
7i=6.92, 72=2.1, d=8.3nm, and a=1.03 x 10 5 m/s. The 
magnetic fields for resonances are respectively -B r i=19.87 
Tesla, B r2 =23.96 Tesla, and B r3 =46.42 Tesla, which are 
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FIG. 4: (Color online) (a) Resonant spin susceptibility vers 
1/B (or v) at several temperature for weak electric nek 
Parameters used are the same as those in Fig. 2 (a) exce 
a=1.03 x 10 5 m/s. (b) Landau levels as functions of fillii 
factors v. Different colors denote different n and only eneri 
levels occupied for corresponding v are shown. 



in the range of present experimental capability, and B r ± 
is rather high so it need not be considered. Every energy 
cross for the resonance has been marked as rl, r2, r3 
and r4 in Fig. 4 (b), and a careful analysis reveals that 
the resonance at rl and r3 are contributed from the tran- 
sition between mostly spin — i and mostly spin-^ holes, 
and the resonance at r2 is due to the interplay between 
mostly spin — \ and mostly spin-| holes. As the spin 
polarization can be measured very accurately, it is be- 
lieved that this effect can be verified in the samples of a 
2DHG. Temperature is another important factor on this 
resonant spin polarization. In Fig. 4 (a), we have also 
plotted resonant spin susceptibility at several tempera- 
tures. As we can see, both the height and the weight of 
the resonant peak increase as the temperature decreases 
at low temperature. 

As we have discussed, the required magnetic field for 
the resonance may be effectively reduced by enlarging the 
effective width of the quantum well. To be convenient for 
future experimental detection, and learn more on the ef- 
fect of temperature, we show resonant spin susceptibility 
at several temperatures for a relative low magnetic field 
in Fig. 5. The resonance appears at about 12.96 Tesla 
and the peak is still prominent even at 0.5 K. In the inset 
of Fig. 5, we show the temperature dependence of the 
height of the resonant peak. The characteristic temper- 
ature for the occurrence of the peak can be estimated to 
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FIG. 5: (Color online) Resonant spin susceptibility ( units: 
h/AivllN/C ) versus 1/B at several temperature. The param- 
eters are the same as those in Fig. 4 except d = 13 nm and 
nh=1.2 x 10 16 /m 2 . In the inset, temperature dependence of 
the height of the resonance peak is plotted. 



be about 2 K at the resonant field for the parameters in 
the caption. 

We have assumed no potential disorder in our theory. 
The effect of disorder in the 2DHG with spin-orbit cou- 
pling, especially in a str ong magnetic field, is not well 
understood at this point 35 



331 ] . However, the effect of 



disorder on such kind of resonant spin phenomena in a 
2DEG has been discussed by Bao and Shen[2(| most re- 
cently. Their numerical simulation illustrated that im- 
purity potential opens an energy gap near the resonant 
point and suppressed the effect gradually with increasing 
strength of disorder. Although the resonant spin phe- 
nomena in a 2DHG is much richer and more complicated, 
the essential nature of resonance is the same as the case 
in a 2DEG, which is caused by the energy crossing be- 
tween different Landau levels. Moreover, in the absence 
of a magnetic field, numerical study of the spin transport 
in the Luttinger model indicates that the spin transport 
in the weak disorder regime remain almost the same as 
the value for the pure system [3^|. It seems to be rea- 
sonable to assume that resonant spin polarization in a 
2DHG shall survive in the weak disorder regime. 



SUMMARY 

In summary, we have studied the clcctric-ficld-induced 
resonant spin polarization of a 2DHG within the Lut- 
tinger model with structural inversion asymmetry and 
Zeeman splitting in a perpendicular magnetic field. The 
spin polarization arising from splitting between the light 
and the heavy hole bands shows a resonant peak at a cer- 
tain magnetic field, and a rich resonant peaks structure 
is predicted, which is due to the competition between 
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the Luttinger term and the structural inversion asymme- 
try. The required magnetic field for the resonance may 
be effectively reduced by enlarging the effective width of 
the quantum well. However, the Zeeman splitting tends 
to move the resonant spin polarization to a relative high 
magnetic field and destroy this rich resonant peaks struc- 
ture. Finally, the resonant value of the electric spin sus- 
ceptibility decay with the temperature. Our calculations 
show that the parameters ( the magnetic field, the ef- 
fective g-factor, the hole density, the well thickness, and 
the Rashba spin-orbit coupling strength ) for the reso- 
nance are likely accessible in experiments. It is believed 
that such resonant spin phenomena can be verified in the 
samples of two-dimensional hole gas, and it provides an 
efficient way to control spin polarization by an external 
electric field. 

We thank Shun-Qing Shen for careful reading and 
many helpful discussions. We hank Yun-Juan Bao and 
Qin Liu for many helpful discussions. 
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